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Recently, three-dimensional CAD systems based on feature-based solid modeling techniques have been widely used for product
design. However, when part models associated with features are used in various downstream applications, simplified models
at various levels of detail (LODs) are frequently more desirable than the full details of the parts. One challenge is to generate
valid models at various LODs after an arbitrary rearrangement of features using a certain LOD criterion, because composite
Boolean operations consisting of union and subtraction are not commutative. This article proposes an algorithm for feature-based
multiresolution solid modeling based on the effective volumes of features. This algorithm guarantees the same resulting shape
and the reasonable intermediate LOD models for an arbitrary rearrangement of the features, regardless of whether feature types
are additive or subtractive. This characteristic enables various LOD criteria to be used for a wide range of applications including
computer-aided design and analysis.
Categories and Subject Descriptors: I.3.5 [Computer Graphics]: Computational Geometry and Object Modeling—Boundary
representations, geometric algorithms, languages, and systems; J.6 [Computer-Aided Engineering]: Computer-aided design
(CAD); I.1.2 [Symbolic and Algebraic Manipulation]: Algorithms—Algebraic algorithms
General Terms: Algorithms, Theory
Additional Key Words and Phrases: Multiresolution, level of detail, Boolean operation, solid modeling, nonmanifold modeling,
feature-based design

1.
1.1

INTRODUCTION
Research Background

Recent three-dimensional (3D) CAD systems based on solid modeling functionality have been widely
used for product design in manufacturing companies. This is possible, as product-modeling environments have been greatly improved by the introduction of feature technologies associated with parametric or variational modeling techniques. A feature can be defined as a physical constituent of a part
that has engineering significance and is mappable to a generic shape [Shah and Mäntylä 1995]. When
product models associated with features are used in various downstream applications, however, simplified models at various levels of detail (LODs) are frequently more desirable and useful than the full
detailed model. For example:
—In engineering analysis, most cases require a simplified model that idealizes the part geometry
depending upon the analysis tools, rather than the full details of the part [Armstrong 1994; Belaziz
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et al. 2000]. This involves suppressing the detailed features to produce a simplified model. The LOD
of the part may vary according to engineer’s intent, analysis method, accuracy of results, system
performance, or other factors.
—In the distributed design environment, the efficient transmission of solid models over the network is
necessary for efficient collaborative design and manufacturing [Wu et al. 2000; Bidarra et al. 2002;
Li et al. 2003; Lee et al. 2004]. However, this is difficult because the B-rep is very complex and
network bandwidth is often limited. To overcome these limitations, it is necessary to transmit solid
models incrementally and to share the model at adequate LODs depending on the engineering tasks.
As the design and simplification of the part is performed by features, feature-based multiresolution
modeling, and streaming is necessary in this domain.
—In virtual prototyping, a digital mockup (DMU) or virtual prototype, which is a complete assembly
consisting of three-dimensional geometric models of individual parts, is built for visualization of the
assembly and as a verification of the feasibility of an assembling operation. In virtual manufacturing,
all facilities in a factory, such as robots, conveyors, fixtures, buffers, docks, and work cells, are modeled
and used for the simulation and visualization of a virtual factory [Lee 1999]. As digital mockups and
virtual factories contain a huge amount of geometric data, LOD techniques are essential to perform
rendering, collision detection, and various engineering analyses and simulations. In particular, when
parts are simplified, a method to suppress detailed features such as holes and fillets according to
a given LOD is recommended to reduce data storage while preserving the global part shape and
simulation accuracy [Choi et al. 2002; Koo and Lee 2002]. For fast rendering, any conventional mesh
simplification method [Schröder et al. 1992; Cignoni et al. 1998] also can be applied to the simplified
feature model [Lee et al. 2004].
Consequently, the requirements of multiresolution models of a solid model, which represent an object
at multiple levels of feature detail, are increasing for engineering tasks such as analysis, networkbased collaborative design, and virtual prototyping and manufacturing. In conventional polygon-based
multiresolution modeling, the objects of the multiresolution modeling are polyhedral models, and the
objects of the suppression or removal for generation of low-resolution models are topological entities,
such as vertices, edges, or faces. The main objective of this approach is to achieve fast displays in
computer graphics. In contrast, in feature-based multiresolution modeling, the objects are featurebased solid models, and the objects of the suppression are form features that are even higher-level
modeling entities than topological entities are. The main application of this approach is in engineering
analysis. Figure 1 illustrates the differences between conventional multiresolution polyhedral modeling
and novel multiresolution solid modeling. A solid model with a specific LOD is denoted as an LOD model
in this article.
1.2

Related Work

Recently several researchers have investigated feature-based multiresolution modeling techniques for
solid models [Choi et al. 2002; Lee et al. 2002, 2004]. The research has focused on several topics:
—Topological frameworks for representing multiresolution solid models. Two approaches have been
identified, using either conventional solid data structures [Choi et al. 2002] or nonmanifold cellular
structures [Lee et al. 2002, 2004]. In the conventional solid data structure approach [Choi et al. 2002],
the multiresolution model is represented by a feature tree in which the features are rearranged
according to a criterion for the LOD. If a simplified model at a certain LOD is required, the system
prunes the branches of the feature tree and performs boundary evaluation to obtain a corresponding
solid model. This method has an advantage because it may be implemented in current commercial
ACM Transactions on Graphics, Vol. 24, No. 4, October 2005.
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Fig. 1. Two different multiresolution modeling approaches: (a) polygon-based multiresolution modeling for polyhedral models
in computer graphics, (b) feature-based multiresolution modeling for solid models in CAD.

three-dimensional CAD systems, as they share the same data structures. However, it requires much
computation time to evaluate boundaries, as the transition from the current LOD m to the destination
LOD n requires |m − n| Boolean operations (which are the most time-consuming operations used
in solid modeling). To solve this problem, the nonmanifold topological (NMT) model of a cellular
structure was introduced as the topological framework of a multiresolution model [Lee et al. 2002].
In this method, all features are merged into an NMT cellular model first, and then, if an LOD is given,
the topological entities that constitute the model at the required LOD are selected and displayed.
Since the boundary information of all of the features is stored in the NMT cellular model, there is
no geometric calculation for the boundary evaluation of LOD models. As a result, a model at a given
LOD can be provided more quickly than if the solid-based approach is used.
—Criteria for the LOD. These are dependent upon the intended applications of feature-based multiresolution solid modeling. Currently, for the purpose of rendering and streaming solid models, the volume
of the subtractive feature has been suggested as a criterion for the LOD [Choi et al. 2002; Lee et al.
2004]. In this method, the lowest-resolution model is made by uniting all of the additive features,
and then higher-resolution models are generated by applying subtractive features successively in the
descending order of volumes. However, this method has several limitations. First, if a part is modeled
using only additive features, it can only have a single LOD. Second, this method assumes that subtractive features offer more detail than additive features; however, this may not be the case. Another
criterion for the LOD is the volume of the feature, regardless of the feature type [Li and Liu 2002].
As there is no limitation on feature types, it may be adopted across a wider range of applications.
More suggested criteria for the LOD are expected as new application areas are discovered.
—Generation of valid models after rearrangement of features. Research has been conducted to generate valid models at various LODs after the feature rearrangement, based on the LOD criterion. In
general, if the features are rearranged, the resulting shape is different from the original because
union and subtraction Boolean operations are not commutative. However, to apply feature-based
multiresolution modeling to a wide range of application areas, a final result must be the same as the
original shape, and the intermediate LODs of the models must have a reasonable shape, even though
the features are rearranged arbitrarily regardless of whether the feature is additive or subtractive.
ACM Transactions on Graphics, Vol. 24, No. 4, October 2005.
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However, the algorithms proposed by Choi et al. [2002] and Lee et al. [2004] only support a feature
arrangement method where additive features take precedence over subtractive features and then
subtractive features are rearranged in the descending order of volumes. Therefore, there is currently
no definite solution to the arbitrary feature rearrangement problem.
1.3

Proposed Approach

In order to solve the feature rearrangement problem, the new concept of the effective volume of a feature
is introduced in this article. The effective volume of a feature is defined as the fractional or entire volume
of the feature to provide the same Boolean result in spite of feature reordering. This article describes
a method to identify the effective volume and a mathematical proof of the method’s correctness. By
introducing the effective volume, an arbitrary rearrangement of features becomes possible and arbitrary
LOD criteria may be selected to suit various applications. Besides, the effective volume of a feature is
independent of the data structure of the model, as this is identified mathematically. Therefore, the
multiresolution modeling algorithm based on the effective volume can be implemented on any 3D CAD
system based on conventional solid representations as well as NMT representations.
Two methods were introduced to accelerate the extraction of LOD models from the multiresolution modeling database. The first method uses an NMT model, known as a merged set [Crocker and
Reinke 1991], to represent multiresolution models. Since a merged set contains all the boundary
and historical information about the features, various LOD models can be extracted through the select process only. As there is no geometric calculation for the boundary evaluation of LOD models,
this approach provides results very fast. The second method uses the differences between adjacent
LOD models, which are stored in the multiresolution database, to accelerate the transition to the
other LOD. In this case, an LOD model is extracted using only the Boolean operations of the lists
of topological entities without traversing the topological entities of the model and their historical
information.
The remainder of this article is organized as follows. Section 2 defines the problem. Section 3 introduces the concept of the effective volume of a feature, and identifies the effective volume of a reordered feature using Boolean algebra. Section 4 describes the implementation of a multiresolution
modeling system based on form features and multiresolution features. The ideas for accelerating the
extraction of LOD models are also proposed and implemented in this system. Section 5 discusses a
few criteria for LODs. Section 6 presents a case study, and some conclusions and suggestions for future work are discussed in Section 7. The Appendix contains the proofs for important features of this
research.
2.

PROBLEM DEFINITION

In feature-based modeling, the feature is a basic modeling unit, and an object is usually modeled by
incrementally applying features to a basic shape feature. There are many ways in which features
can be classified [Shah and Mäntylä 1995]. Feature taxonomies can be based on product categories,
the intended applications of features, or feature shapes. Presently, there are no universally accepted
or widely used feature taxonomies. Several taxonomy schemes have been proposed for classification
entirely by shape; for example, Part 111 of STEP defines a set of solid model features that facilitate the
exchange of intelligent models between feature-based parametric CAD systems [Anderson and Nettles
2003].
In the feature-based multiresolution modeling dealt with this research, the objects are form features,
and the objective is to develop a method to generate valid solid models at given LODs and to transfer
it various downstream applications. It is assumed that no further feature operation is applied to the
ACM Transactions on Graphics, Vol. 24, No. 4, October 2005.
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multiresolution models. If any further feature modeling or modification is necessary, the user conducts
it on the original feature-based model.
In general, form features can be classified into three basic types: volume, transition, and pattern
features. A volume feature is an increment or decrement to the volume of a shape, such as a hole or a
boss. A transition feature separates or blends surfaces, such as fillets or chamfers. A feature pattern is
a set of similar features in a regular geometric arrangement, such as a circular or array pattern.
For feature-based multiresolution modeling, form features are described using volumetric representations, and classified into additive and subtractive features. The transition and pattern features are
converted into volume features and reclassified into additive and subtractive features in the following
manner. A transition feature is converted into a volume feature representing the volume subtracted or
added to a part shape, and classified as a subtractive or additive feature accordingly. A feature pattern
is also converted into a volume feature representing the resulting shape of the pattern. If the objective
feature to which pattern is applied is additive, the volume feature is additive. Otherwise, the volume
feature is subtractive.
The feature-based modeling process can be represented by a CSG tree. Figure 2 shows a feature tree
to create an example solid model by applying five form features. The terminal nodes of the tree describe
the primitives of the features, while the internal nodes represent Boolean operations. The type of the
feature determines the Boolean operation applied to it. If a feature is additive, the operation is union
(∪); if subtractive, the operation is difference (–). This model will be used throughout this article to
explore the proposed multiresolution modeling method for feature-based solid models.
For multiresolution solid modeling, the features need to be rearranged according to a criterion that
measures the significance of the feature. In general, more significant features appear at low LODs.
However, if the features are rearranged, the resulting shape is possibly different from the original
because union and subtraction Boolean operations are not commutative with each other. For example,
if the features in Figure 2 are rearranged to F0 → F2 → F1 → F4 → F3 , the result will be as shown in
Figure 3, which is different from that expected.
Since the criterion for feature significance is application dependent, it is necessary to consider the
case where the features are rearranged in an arbitrary order. Therefore, it is crucial to find a method
for an arbitrary rearrangement of features that results in a final shape that is the same as the original
shape, and with intermediate LODs of the models that have a reasonable shape. In addition, it is
necessary to extract an LOD model for a given LOD as rapidly as possible, and to design the algorithm
for multiresolution modeling to be independent of the data structure so that it can be implemented in
various CAD systems.
3.

REORDERING FEATURES

As illustrated in Figure 4, an arbitrary rearrangement of features can be decomposed into a sequence of
relocations of the features, and each relocation can further be decomposed into a sequence of exchanges
between two adjacent features. Therefore, to solve the feature rearrangement problem, it is crucial to
find a method to provide the same Boolean result for the exchange of two features. For this purpose, the
effective volume of a feature is introduced. The effective volume is defined as the fractional or entire
volume of the feature to provide the same Boolean result in spite of feature reordering. When arranged
in the order of feature creation, the effective volume of each feature is defined as the entire volume of
the feature. However, after feature rearrangement, the effective volume of a feature can be reduced
to a fraction of the original volume to provide the same resultant shape as the original. The effective
volume is identified using Boolean algebra in the following subsections.
ACM Transactions on Graphics, Vol. 24, No. 4, October 2005.
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Fig. 2. An example of feature-based solid modeling: (a) the part model and its form features, (b) the feature modeling tree.

3.1

Exchange of Two Features

In feature-based modeling, the form features are classified into additive and subtractive volume features. The type of feature determines the Boolean operation applied to it. If a feature is additive, then
the operation is a union (∪); if subtractive, then the operation is a difference (–).
If ⊗i denotes the ∪ or − Boolean operation, and if Vi denotes the volume of the solid primitive of a
feature Fi , then the result of exchanging two Boolean operations can be represented by
V0 ⊗1 V1 ⊗2 V2 = V0 ⊗2 V2 ⊗1 V1 ,

(1)

where V1 and V2 are the effective volumes of V1 and V2 , as listed in Table I. The data illustrated in
Table I show that V2 is always invariant, while V1 varies according to the combination of ⊗1 and ⊗2 .
ACM Transactions on Graphics, Vol. 24, No. 4, October 2005.
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Fig. 3. A rearranged feature tree and its results.

Fig. 4. Converting an arbitrary feature rearrangement into a series of exchanges between two adjacent features.

Table I. Effective Volumes of the
Primitives for the Exchange of Two
Boolean Operations
No.
1
2
3
4

⊗1
∪
−
∪
−

⊗2
∪
−
−
∪

V1
V1
V1
V1 − V2
V1 − V2

V2
V2
V2
V2
V2
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Fig. 5. A model composed of three features.

Fig. 6. Effective volumes of the rearranged features: (a) the original feature tree, (b) a rearranged feature tree F0 → F2 → F1 ,
in which V0 , V1 −V2 , and V2 are the effective feature volumes of F0 , F1 , and F2 , respectively.

This result also can be formularized as follows:
V0 ⊗1 V1 ⊗2 V2 = V0 ⊗2 V2 ⊗1 (V1 − ϕ(⊗1 , ⊗2 ) V2 ),
where


ϕ (a, b) =

1
0

if a =
 b
if a = b

(2)


.

The proof of Table I and Equation (2) appears in the Appendix.
To illustrate, an example model is shown in Figure 5. Assume that this model is created by applying
three features in the sequence of F0 → F1 → F2 , and the order of features is then changed to F0 →
F2 → F1 . If F0 and F1 are additive and F2 is subtractive (i.e., ⊗1 = ∪ and ⊗2 = −), Equation (2)
becomes V0 ∪ V1 − V2 = V0 − V2 ∪ (V1 − V2 ). This case is illustrated in Figure 6, and the results
demonstrate that this expression is true. In this case, the effective volumes of F0 , F1 , and F2 areV0 ,
V1 − V2 , and V2 , respectively. The reader can verify that Equation (2) is true for the other three cases:
⊗1 = ⊗2 = ∪, ⊗1 = ⊗2 = −, and ⊗1 = − and ⊗2 = ∪.
3.2

Relocation of a Single Feature

Let M n denote the resulting model obtained by applying n Boolean operations between n + 1 solid
models:
n

Mn =
⊗i Vi , where ⊗0 V0 = ∅ ⊗0 V0 .
(3)
i=0
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Fig. 7. Modification of the effective volumes of the features for relocation of feature F j to the mth position.

If the j th Boolean operation ⊗ j V j of F j is moved to the mth position, M n can be represented as
follows:
 
 


m−
m
n

j

⊗j Vj −
(4)
Mn =
⊗i Vi
ϕ(⊗ j , ⊗ j + )V j +
⊗i Vi ,
i=0,i= j

=1

i=m+1

0

if a = b 
where ϕ(a, b) =
.
1 if a = b
Figure 7 schematically illustrates Equation (4). If F j is moved to the mth position, then the effective
volumes remain unchanged for all features except F j .
The proof of Equation (4) appears in the Appendix. The example introduced in Figure 2 is used to
illustrate it. As illustrated in Figure 8, moving the order of the feature F1 to the last location results in
the feature order F0 → F2 → F3 → F4 → F1 and the Boolean sequence V0 ∪ V2 − V3 ∪ V4 −(V1 − V2 − V4 )
according to Equation (4). In this case, the effective volumes of F0 , F1 , F2 , F3 , and F4 areV0 , V1 − V2 − V4 ,
V2 , V3 , and V4 , respectively.
4.

IMPLEMENTATION

A feature-based nonmanifold modeling system has been implemented to verify the proposed featurebased multiresolution method based on the effective volumes of features. To facilitate the implementation, the proposed system stores and manipulates two types of data: a list of multiresolution features,
whose attributes contain all necessary information to build a multiresolution solid model and extract
LOD models from it; and the NMT cellular model, called a merged set, which contains all geometric
data for the multiresolution model.
The architecture of the system is shown in Figure 9. It consists of three main modules: a featurebased modeling module, a multiresolution modeling module, and an NMT modeling kernel. First, the
feature-based modeling module manages the library and database of form features in their life cycle.
In each feature modeling operation, the solid model of the design feature is merged into the part
master model. Second, the multiresolution modeling module manages the multiresolution features and
performs the detail removal tasks required to obtain simplified LOD models. If the user specifies an
LOD, then the corresponding solid model is extracted from the master model. It is also possible to
ACM Transactions on Graphics, Vol. 24, No. 4, October 2005.
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Fig. 8. The effect of changing the order of features to F0 → F2 → F3 → F4 → F1 : the effective volumes of F0 , F1 , F2 , F3 , and
F4 are V0 , V1 − V2 − V4 , V2 , V3 , and V4 , respectively.

Fig. 9. System architecture.

extract a series of solid models at higher or lower LODs. These multiresolution models can be used
for various applications such as rendering, network-based collaborative design, digital mockup, and
virtual manufacturing. Third, the NMT modeling kernel creates and manipulates all of the geometric
models for design and for other downstream applications including analysis.
ACM Transactions on Graphics, Vol. 24, No. 4, October 2005.
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Table II. Initial Multiresolution Feature Table for Feature Modeling in Figure 2
No.
0
1
2
3
4

4.1

LOD
0
1
2
3
4

Feature Name
Base
Bline Hole
Boss
2CBore Thru Hole
Bose Pattern

Creation Order
0
1
2
3
4

Bool
+
−
+
−
+

Primitive
V0
V1
V2
V3
V4

Effective Volume
V0
V1
V2
V3
V4

LOD Model
V0
V0 − V1
V0 − V1 + V2
V0 − V1 + V2 − V3
V0 − V1 + V2 − V3 + V4

Data Structure

4.1.1 Multiresolution Features. To facilitate the implementation of feature-based multiresolution
modeling, we introduced a multiresolution feature, whose attributes include all the necessary information to build a multiresolution model and to extract the LOD models. The attributes of the multiresolution feature include the LOD, the pointer to the form feature, the creation order, the type of the Boolean
operation, the name of the feature primitive, the effective volume of the feature, the definition of the
LOD model, and so on. The definition of the effective volume and the LOD model was stored in the form
of characters. The multiresolution features were arranged in the order of LODs.
When the example of the solid model shown in Figure 2 was created, a list of the multiresolution
features was compiled as shown in Table II. Here, the features were initially arranged in the order of
feature creation, and the effective volume of each feature assigned the name of its solid model. The
whole volume of the feature was used by the Boolean operations to extract the LOD models.
4.1.2 A Merged Set in Nonmanifold Topology. An NMT model is adopted as the topological framework for multiresolution representation, and the merge-and-select algorithm is introduced for boundary
evaluation. The NMT model can represent any combination of wireframe, surface, solid, and cellular
models in a unified data structure, and Boolean operations are closed in the representation domain
of NMT models, unlike the case for solid models [Charlesworth and Anderson 1995; Lee 1999]. Several data structures have been proposed to represent NMT objects [Weiler 1988; Gursoz et al. 1990;
Rossignac and O’Conner 1990; Yamaguchi and Kimura 1995; Lee and Lee 2001]. In this article, the
Partial Entity Structure [Lee and Lee 2001] is adopted as the NMT framework. However, as all algorithms presented in this article are written using only common topological entities, such as regions,
faces, edges, and vertices, they can be implemented using any other NMT representations.
In the merge-and-select algorithm [Crocker and Reinke 1991; Masuda 1992], all primitives are
merged into a single boundary representation, called a merged set. The merged set contains a complete description of the input primitives, all intersections between them, and historical information
describing the origins of the entities with respect to the topological entities of the original primitives.
In this system, all historical information is stored in the cell topological entities. A Boolean logic evaluator, whose input is the CSG representation and the history, selects merged set entities corresponding
to the Boolean result. The user can modify Boolean operators or their order of occurrence easily by
simply reexecuting the selection process. The user can also select with a CSG tree that contains only
a subset of the primitives in the merged set, and selectively filter out primitives from the final result
without actually removing them from the merged set. Figure 10 shows a merged set composed of the
five features from Figure 2. The properties of the merged set are very useful for feature-based multiresolution modeling. Once the merged set of all features has been generated, any LOD model can be
extracted very quickly from the merged set.
4.2

Algorithm for Feature Rearrangement

If the order of multiresolution features is changed according to a given LOD criterion, the contents
of multiresolution features, such as the effective volumes, are modified accordingly. The method of
ACM Transactions on Graphics, Vol. 24, No. 4, October 2005.
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Fig. 10. A merged set of the features in Figure 2.

ALGORITHM 1. REARRANGEMULTIRESOLUTIONFEATURES (F, mset)
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

Input:

n
F : the multiresolution feature list. F = {Fi }i=0
.
mset: the merged set model of the features.
F : the reordered list of the multiresolution features.

Output:
for k ← n to 1 do {
k
// Find out the most detailed feature F j from {Fi }i=0
.
j ←FINDLEASTSIGNIFICANTFEATURE (F, 0, k).
// Move the feature F j to k-th position.
MOVEMULTIRESOLUTIONFEATURE (F, j, k).
}
return F .

updating the data of multiresolution features for a new feature order is introduced in Algorithm 1. In
this algorithm, the most detailed feature is first selected and moved to the nth place. Next, the second
most detailed feature is selected and moved to the (n− 1)th place. This is repeated until the second most
significant feature is selected and moved to the 1th place. Consequently, the most significant feature is
located at the zero-th place. Whenever each feature is moved to its new place, its new effective volume
is redefined according to Equation (4). In the implementation of this algorithm, the definition of an
effective volume is stored as a string of characters as illustrated in Algorithm 2.
4.3

Accelerating the Extraction of LOD Models

To accelerate the extraction of LOD models, each multiresolution feature Fi contains two cell topological
entity lists Ei+ and Ei− , which store the differences between the ith and (i − 1)th LOD models. Here,
the cell topological entities represent the 0-, 1-, 2-, and 3-cells, which are equivalent to the vertex, edge,
face, and region, respectively. Let us investigate the definition and algorithm related with Ei+ and
Ei− further.
n
Let M denote the original solid model created by applying n + 1 features {Fi }i=0
, and let M i (0 ≤ i ≤ n)
denote the model at the ith LOD. Then M 0 is the lowest-resolution model and M n is the highestresolution model (this is equivalent to the original solid model, i.e., M n = M ). Let Ei denote a collection
of cell topological entities e j of M i . Then Ei+ and Ei− are defined, respectively, as
Ei+ = Ei − Ei−1 ,

(5)

Ei− = Ei−1 − Ei ,

(6)

where Ei = { e j |e j ∈ M i , e j ∈ {0-, 1-, 2-, and 3-cells}}.
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ALGORITHM 2. MOVEMULTIRESOLUTIONFEATURE (F, j, m)
n
.
1. Input:
F : a multiresolution feature list,F = {Fi }i=0
2.
j : the current location of the feature to be moved.
3.
m: the destination location of the feature F j .
4. Output:
F : the rearranged feature list.
5. // Set a character string S with the effective volume V j of F j .
6. for k ← 1 to m − j do {
7.
if the type ⊗ j +k of F j +k, is not equal to ⊗ j of F j then {
8.
// Get the effective volume V j +k of F j +k in a character string.
9.
S ← S + “ − ” + V j +k .
10.
}
11. }
12. // Set the effective volume V j of F j with S.
13. V j ← S.
14. // Move F j to the m-th place.
15. Ftmp ← F j .
16. for k ← j + 1 to m do {
17.
Fk−1 ← Fk .
18. }
19. Fm ← Ftmp .

If Ei+ and Ei− are given, Ei can be obtained from Ei−1 , and vice versa, using the following formulas:
Ei = Ei−1 ∪ Ei+ − Ei− ,

(7)

Ei−1 = Ei − Ei+ ∪ Ei− .

(8)

The Ei+ and Ei− parameters are stored in the multiresolution feature, despite their storage cost,
as they are useful for the fast extraction of LOD models.
If the current LOD is i, and the desired LOD is k, then a collection of the cell topological entities Ek
of the kth LOD model M k can be obtained from Ei using the following formulas, which are derived from
Equations (7) and (8):
if k > i,

Ek = Ei ∪

k


E +j −

j =i+1

if k < i,

Ek = Ei −

k

j =i−1

5.
5.1

k


E −j

(9)

E −j .

(10)

j =i+1

E +j ∪

k

j =i−1

CRITERIA FOR LEVELS OF DETAIL
Volumes of Subtractive Features

The criteria for the LOD are application-dependent; the volume of the feature is one possible LOD
criterion. In past research, additive features have taken precedence over all subtractive features, and
subtractive features were then rearranged in the descending order of their volumes [Choi et al. 2002; Lee
et al. 2004]. The lowest-resolution model is a volume enclosing all additive features, and the higherresolution models are obtained by removing the volumes of subtractive features from the enclosing
volume in descending order. This method has been used for applications such as rendering and streaming solid models. It is noted that the proposed multiresolution modeling approach can support this LOD
criterion.
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Table III. Reordered Multiresolution Feature Table for the Example Solid Model in Figure 2
(where the LOD criterion is the volume of the feature, together with the precedence of additive features over
subtractive features.)
No. LOD
Feature Name
Creation Order Bool Primitive Effective Volume
LOD Model
0
*
Base
0
+
V0
V0
V0
1
*
Boss
2
+
V2
V2
V0 + V2
2
0
Bose Pattern
4
+
V4
V4
V0 + V2 + V4
3
1
Blind Hole
1
−
V1
V1 − V2 − V4
V0 + V2 + V4 − (V1 − V2 − V4 )
3
−
V3
V3 − V4
V0 + V2 + V4 − (V1 − V2 − V4 ) − (V3 − V4 )
4
2
2CBose Thru Hole

Let it be assumed that the solid model of a part is created by applying n + 1 features: k + 1 additive
features and n − k subtractive features. First, the features are separated into additive and subtractive
groups, with the additive feature group taking precedence over the subtractive feature group. Next, the
features in each group are rearranged in the descending order of the feature volumes. The rearrangement of the features can be represented by Equation (11), where ⊗i and Vi are the Boolean operator
and the effective volume of the ith feature after the feature rearrangement, respectively:



n
k
n



 
 
 
(11)
Mn =
⊗i Vi =
⊗i Vi
⊗i Vi , 0 ≤ k ≤ n.
i=0

i=0

i=k+1

As the lowest-resolution model M 0 is the union of all of the k + 1 additive features, the number of
LODs is reduced to n − k + 1. A series of LOD models M 0 , M 1 , . . . , M n−k can be obtained as follows:
M0 =

k


(∪Vi ),

(12)

i=0

M j = M0

k+
j

(−Vi ) , 1 ≤ j ≤ n − k.

(13)

i=k+1

If this criterion is applied to the example in Figure 2, the features are rearranged as F0 → F2 →
F4 → F1 → F3 . The resulting multiresolution features are illustrated in Table III. Because three
features F0 , F2 , and F4 are of the additive type (k = 2), the lowest LOD model is their union set. As
a result, three different LOD models shown in Figure 11 can be extracted from this multiresolution
model: M 0 = V0 ∪ V2 ∪ V4 , M 1 = M 0 − (V1 − V2 − V4 ), and M 2 = M 1 − (V3 − V4 ).
The LOD criterion used in this method is the whole volume of the subtractive feature. However, the
whole volume of the subtractive feature may not used to subtract the feature from the part model.
Only the volume Vi ∩ (M 0 − M n ) contributes to the Boolean result; thus this intersection volume may
be a more reasonable LOD criterion than the whole feature volume. Moreover, this method has a few
more serious problems as a general LOD criterion. First, some additive features can be more detailed
than subtractive features, meaning that the lowest-resolution model may have a more detailed shape
than higher-resolution models. Second, if a part is modeled using only additive features, only one LOD
is possible. To overcome these problems, in this article the volume of feature is proposed as a new
criterion. This criterion is more general, and works regardless of whether the feature is additive or
subtractive.
5.2

Volumes of Features

The criterion of the volume of feature can be refined according to which volume is being measured. The
simplest case is to use the volume of the feature itself. However, as mentioned above, this may include
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Fig. 11. Three LOD models for the reordered multiresolution features in Table III.

ALGORITHM 3. FINDLEASTSIGNIFICANTFEATURE (F, , k)
n
1. Input:
F : the multiresolution feature list: F = {Fi }i=0
.
2.
, k: lower and upper bounds of the feature range for searching the least
k
significant feature: {Fi }i=
,  ≤ i ≤ k, 0 ≤ , k ≤ n.
3. Output: returns the position of feature of minimum volume.
4. // Set the variable minV to a huge value.
5. minV ← ∞.
6. for i ←  to k do {
7.

Mi =

k
j =, j =i

⊗j Vj .

8.
V = VOLUMEOF (M n − M i ).
9.
if (V < minV ) then {
10.
minV ← V .
11.
min position ← i.
12.
}
13. }
14. return min position.

volume that does not contribute to the final shape. The method presented in Algorithm 3 (which is
called by Algorithm 1) is proposed to solve this problem. Let M i denote the model that is generated by
applying all features {F j }kj = except the feature Fi . If M m is the closest to the reference model M ref ,
then the feature Fm is the most detailed feature among {F j }kj = . The reference model can be the original
part model M (= M n ) or the (k + 1)th LOD model M k+1 . Here, the original part model M n is selected as
the reference model.
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Table IV. Rearranged Multiresolution Features for the Example Solid Model in Figure 2 Using Feature Volume
as the LOD Criterion
No.
0
1
2
3
4

LOD
0
1
2
3
4

Feature Name
Base
Boss
Blind Hole
Bose Pattern
2CBose Thru Hole

Creation Order
0
2
1
4
3

Bool
+
+
−
+
−

Primitive
V0
V2
V1
V4
V3

Effective Volume
V0
V2
V1 − V2
V4
V3 − V4

LOD Model
V0
V0 + V2
V0 + V2 − (V1 − V2 )
V0 + V2 − (V1 − V2 ) + V4
V0 + V2 − (V1 − V2 ) + V4 − (V3 − V4 )

Fig. 12. The LOD models according to the multiresolution feature table in Table IV.

If this algorithm is applied to the example in Figure 2, the features are rearranged in the order
F0 → F2 → F1 → F4 → F3 . Table IV shows the resulting multiresolution feature table. The effective
volumes of F0 , F1 , F2 , F3 , and F4 are V0 , V1 − V2 , V2 , V3 − V4 , and V4 , respectively. As illustrated in
Figure 12, five LOD models can be extracted from this multiresolution model.
5.3

Case Study

To demonstrate these techniques, the well-known ANC-101 test part was chosen. The ANC-101 test part
was designed by the Advanced Numerical Control (ANC) program of CAM-I to test geometric modeling
capabilities. As the operations on the back faces are not shown, hidden features from the specified
viewpoint are omitted. Figure 13 shows the modeling process, composed of 10 steps. Figure 14 shows
the result of the case where the features are rearranged by the volumes of the subtractive features,
with additive features taking precedence over subtractive features. Figure 15 shows the result of the
case where the features are rearranged by their volumes regardless of whether the feature is additive
or subtractive.
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Fig. 13. Feature-based solid modeling process for the CAM-I ANC-101 test part.

Fig. 14. LOD models of the ANC-101 test part using the volume of the subtractive feature as the LOD criterion, and with
additive features taking precedence over subtractive features.

For another case study, speed-reduction casting [Belaziz et al. 2000] was chosen. Figure 16 shows
the modeling process for a simplified model of speed-reduction casting. Figure 17 shows the result of
the case where the features are rearranged by the volumes of the subtractive features, with additive
features taking precedence over subtractive features. Figure 18 shows the result of the case where the
features are rearranged by their volumes regardless of whether the feature is additive or subtractive.
6.

EXTENSION TO 3D NONMANIFOLD DOMAINS

One of the most important applications of the feature-based multiresolution modeling technique is
engineering analysis. In engineering analysis, most cases require a simplified model that idealizes the
part geometry depending upon the analysis tools, rather than the full details of the part [Armstrong
1994; Belaziz et al. 2000]. This idealization process involves not only suppressing the detailed features
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Fig. 15. LOD models of the ANC-101 test part using the volume of the feature as the LOD criterion, regardless of the feature
type.

Fig. 16. Feature-based solid modeling process for a speed-reduction casting model.

but also abstracting the features to lower-dimensional models to produce an analysis model. The level
of detail and abstraction of the part may vary according to engineer’s intent, analysis method, accuracy
of results, system performance, or other factors.
In order to apply feature-based multiresolution modeling to the abstracted analysis model, it is
necessary to extend the representation domain to the 3D NMT modeling space, as the analysis model
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Fig. 17. LOD models of the speed-reduction casting part using the volume of the subtractive feature as the LOD criterion, and
with additive features taking precedence over subtractive features.

Fig. 18. LOD models of the speed-reduction casting part using the volume of the feature as the LOD criterion, regardless of the
feature type.

is a typical 3-D NMT model. The NMT model can also be defined as a point set over the R 3 space.
Fortunately, the equations for the effective volume of a feature proposed in Section 3 can be readily
extended to NMT models by simply replacing the volume with the 3D point set.
To demonstrate this theory, the speed-reduction casting model shown in Figure 16 was chosen.
Figure 19 shows the modeling process for a simplified model of speed-reduction casting using the nonmanifold modeling system. Figure 20 shows the result of the case where the features are rearranged
by the significance levels of the features adopted in Figure 18.
7.

CONCLUSIONS

In this article, a new approach for multiresolution modeling for feature-based solid models is proposed.
The characteristics and contributions of this new approach are summarized as follows:
—In most previous work, a triangular mesh is the object of multiresolution modeling, and applications
are mainly focused on fast rendering and transmitting geometric models in computer graphics. Lowlevel topological entities, such as vertices, edges, or faces, are removed or suppressed to generate
low-resolution models. However, in this work, a solid model was used as the object of multiresolution
modeling, and the form features were suppressed instead of the topological entities. The form features
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Fig. 19. Feature modeling process for an abstracted NMT model of a speed-reduction casting part.

Fig. 20. Feature rearrangement process for the speed-reduction casting NMT model using the same significance levels of the
features used in Figure 18.

are a higher level of modeling entities than the topological entities. Applications are mainly focused
on engineering tasks, such as analysis, network-based collaborative design, and virtual prototyping
and manufacturing.
—In feature-based multiresolution solid modeling, one challenge is to generate valid LOD models after
an arbitrary rearrangement of features according to a certain LOD criterion. In general, if features
are rearranged, the resulting shape is different from the original one, because composite Boolean
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operations consisting of union and subtraction are not commutative. To solve this problem, this article proposed the concept of using the effective volume of a feature, and developed an algorithm
for feature-based multiresolution modeling based on the effective volume. The multiresolution feature was also newly defined to facilitate the implementation of the algorithm. This algorithm guarantees the same resulting shape and the reasonable intermediate LOD models for an arbitrary
rearrangement of the features, regardless of whether feature types are additive or subtractive. This
characteristic enables various LOD criteria to be used for a wide range of applications.
—The effective volume of a feature is independent of the data structure of the model. Although the
multiresolution modeling algorithm was implemented based on the NMT representation, it can also
be implemented using the conventional B-rep solid representation.
—The NMT merged set model was adopted for the multiresolution representation of feature-based
solid models, and the merge-and-select algorithm was introduced for the boundary evaluation of LOD
models. Since the merged set contains all the boundary and historical information about the features,
various LOD models can be extracted in a short time. Moreover, by storing the boundary information
for LOD models in the multiresolution features, the transition to any LOD can be performed even
more quickly without the select process.
—The volume of the feature, regardless of feature type, can be supported as a criterion for the LOD.
In the feature rearrangement process, the contribution of a feature to a final part shape is measured more precisely by examining the amount of volume removal or addition to the reference model
that is the part or the previous LOD model. This criterion can be used in a wide range of applications, since there is no distinction between additive and subtractive features unlike for the previous
method.
The following are proposed as future research topics:
—To extend to the multiabstraction modeling technique for engineering analysis. Geometric models for
analysis are simplified and idealized models that may include not only solid models but also medial
surfaces and wireframes. Depending on an engineer’s intent and the desired accuracy of analysis
results, geometric models at various levels of abstraction need to be provided for CAE systems. A
technique to satisfy this functional requirement is called the multiabstraction modeling technique
here. Of course, the extension of the representation domain from solid to NMT models is necessary
to support the multiabstraction analysis model in the mixed dimension.
—To generate multiresolution representations for assembly models. This is useful for virtual prototyping and manufacturing in particular. Assembly constraints should be considered when generating
multiresolution assembly models.
—To propose new LOD criteria for new applications. The LOD criteria proposed so far are the volume of
the subtractive feature and the volume of the feature. More LOD criteria may need to be suggested
for more applications, as LOD criteria are usually application-dependent.
APPENDIX
A.1

Proof of Equation (1) (Exchange of Two Features)

The detailed proofs of Cases 1 to 9 in Table I are described in this section. If V1C denotes the complement
of V1 , the subtraction operation can be represented by
V0 − V1 = V0 ∩ V1C

(14)

[Lin and Lin 1974].
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Case 1: V0 ∪ V1 ∪ V2 = V0 ∪ V2 ∪ V1 .
V0 ∪ V1 ∪ V2 = (V0 ∪ V1 ) ∪ V2
= V0 ∪ (V1 ∪ V2 )
= V0 ∪ (V2 ∪ V1 )
= (V0 ∪ V2 ) ∪ V1
= V0 ∪ V2 ∪ V1 .

(Associative law)
(Commutative law)
(Associative law)
(15)

Case 2: V0 − V1 − V2 = V0 − V2 − V1 .
V0 − V1 − V2 = (V0 − V1 ) − V2
= V0 ∩ V1C ∩ V2C
= V0 ∩
= V0 ∩

V1C
V2C
V2C

∩ V2C
∩ V1C
∩ V1C

= V0 ∩
= (V0 − V2 ) − V1
= V0 − V2 − V1 .

(Equation (14))
(Associative law)
(Commutative law)
(Associative law)
(Equation (14))
(16)

Case 3: V0 ∪ V1 − V2 = V0 − V2 ∪ (V1 − V2 ).
V0 ∪ V1 − V2 = (V0 ∪ V1 ) − V2
= (V0 ∪ V1 ) ∩ V2C
= V0 ∩ V2C ∪ V1 ∩ V2C
= (V0 − V2 ) ∪ (V1 − V2 )
= V0 − V2 ∪ (V1 − V2 ).

(Equation (14))
(Distributive law)
(Equation (14))
(17)

Case 4: V0 − V1 ∪ V2 = V0 ∪ V2 − (V1 − V2 ).
V0 − V1 ∪ V2 = (V0 − V1 ) ∪ V2
= V0 ∩ V1C ∪ V2
= (V0 ∪ V2 ) ∩
= (V0 ∪ V2 ) ∩

V1C

(Equation (14))
∪ V2

C
V1 ∩ V2C
(V1 − V2 )C

= (V0 ∪ V2 ) ∩
= (V0 ∪ V2 ) − (V1 − V2 )
= V0 ∪ V2 − (V1 − V2 ).
A.2

(Distributive law)
(DeMorgan’s law)
(Equation (14))
(Equation (14))
(18)

Proof of Equation (4) (Relocation of a Single Feature)

Step 1. Investigating the first step in which ⊗ j V j is replaced with ⊗ j +1 V j +1 , the initial model before
the replacement, M n , can be represented as
M n = M j +1

n


⊗i Vi ,

(19)

i= j +2

where
M j +1 = M j −1 ⊗ j V j ⊗ j +1 V j +1 .
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If the j th and ( j + 1)th elements in Equation (20) are exchanged with each other, then
M j +1 = M j +1 = M j −1 ⊗ j +1 V j +1 ⊗ j (V j − ϕ(⊗ j , ⊗ j +1 )V j +1 ).
Therefore, the model after the exchange,
M n = M n =
=

 j −1


n

i=0

M n ,

(21)

can be rewritten as

⊗i Vi




⊗i Vi ⊗ j +1 V j +1 ⊗ j (V j − ϕ(⊗ j , ⊗ j +1 )V j +1 )

n



⊗i Vi .

(22)

i= j +2

i=0

Step 2. Investigating the next step, in which ⊗j +1 V j +1 and ⊗j +2 V j +2 are exchanged with each other,
the model before the exchange, M n , can be written as
M n = M j +2

n

i= j +3

⊗i Vi = M j +2

n


⊗i Vi ,

(23)

i= j +3

where
M j +2 = M j ⊗j +1 V j +1 ⊗j +2 V j +2 .

(24)

If ( j + 1)th and ( j + 2)th elements of Equation (24) are exchanged with each other, then
M j +2 = M j +2 = M j ⊗j +2 V j +2 ⊗j +1 (V j +1 − ϕ(⊗j +1 , ⊗j +2 )V j +2 ).

(25)

Using Equation (21), this equation can be rewritten as
M j +2 = M j −1 ⊗ j +1 V j +1 ⊗ j +2 V j +2 ⊗ j (V j − ϕ(⊗ j , ⊗ j +1 )V j +1 − ϕ(⊗ j , ⊗ j +2 )V j +2 ).

(26)

Therefore, the model after the exchange, M n , is represented as
M n = M n = M n =
=

 j −1




=

i=0

⊗i Vi

i=0



⊗i Vi ⊗ j +1 V j +1 ⊗ j +2 V j +2 ⊗ j (V j − ϕ(⊗ j , ⊗ j +1 )V j +1 − ϕ(⊗ j , ⊗ j +2 )V j +2 )

i=0

 j −1


n



⊗i Vi

j +2






⊗i Vi ⊗ j (V j − ϕ(⊗ j , ⊗ j +1 )V j +1 − ϕ(⊗ j , ⊗ j +2 )V j +2 )

i= j +1

n



⊗i Vi

i= j +3
n




⊗i Vi .

(27)

i= j +3

Step k. Investigating the kth step, in which the ( j + k − 1)th and ( j + k)th elements are exchanged
with each other, the resultant model from the k − 1 exchanges, M n(k−1) , can be represented as
M n(k−1) = M (k−1)
j +k

n


⊗i(k−1) Vi(k−1) ,

(28)

i= j +k+1

where
(k−1)
(k−1)
(k−1)
(k−1)
(k−1)
M (k−1)
j +k = M j +k−2 ⊗ j +k−1 V j +k−1 ⊗ j +k V j +k .

(29)

If the ( j + k − 1)th and ( j + k)th elements of Equation (29) are exchanged with each other, the model
M (k)
j +k can be described as follows:
(k−1)
(k−1)
(k−1)
(k−1)
(k−1)
(k−1)
(k−1)
(k−1)
(k−1)
M (k)
j +k = M j +k = M j +k−2 ⊗ j +k V j +k ⊗ j +k−1 V j +k−1 − ϕ ⊗ j +k−1 , ⊗ j +k V j +k

(30)
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Using the initial elements, this formula can be rewritten as
  j +k



 j −1
k



(k)
M j +k =
⊗i Vi
⊗i Vi ⊗ j V j −
ϕ(⊗ j , ⊗ j + )V j + .
i= j +1

i=0

(31)

=1

Therefore, the model after the kexchanges, M n(k) , can be written as
M n(k) = M n =
=

 j −1


n

i=0

⊗i(k) Vi(k)


⊗i Vi

j +k



⊗i Vi


⊗j

Vj −

i= j +1

i=0

k

=1


ϕ(⊗ j , ⊗ j + )V j +

n



⊗i Vi .

(32)

i= j +k+1

In the case that the j th element is moved to the mth location, k becomes k = m − j . If k = m − j is
applied to Equation (32), the following formula is obtained, and this is equal to Equation (4):
 
 


m−
m
n

j

Mn =
⊗j Vj −
⊗i Vi
ϕ(⊗ j , ⊗ j + )V j +
⊗i Vi .
i=0,i= j

=1

i=m+1
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SHAH, J. J. AND MÄNTYLÄ, M. 1995. Parametric and Feature-Based CAD/CAM. John Wiley & Sons, Inc., New York, NY.
WEILER, K. 1988. The radial edge structure: a topological representation for non-manifold geometric boundary modeling. In
Geometric Modeling for CAD Applications, M. J. Wozny, H. W. McLauhlin, and J. L. Encarnçao, Eds. North-Holland, Amsterdam,
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